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1 Overview

In this write-up, we dive into the foundations of large language models (LLMs), such as Llama and GPT. Specifically, we will:

• Break down each component of a modern LLM architecture.

• Explain concepts related to architectures such as KV caching, quantization, mixture of experts, etc..

We will implement Llama 3 (Grattafiori et al., 2024), specifically Llama 3.2-1B as a representative example, though the implemen-
tation applies to all Llama 3 models. We present the LLM concepts in the order in which they appear in the Llama 3 architecture. The
code is a modified and simplified version of the Llama Original Implementation for demonstration purposes. The code for the simplified
version can be accessed Here. Follow instructions below to download the weights.

Llama Initialization

Firstly, the model weights and configuration files should be downloaded. The files can be downloaded through Hugging Face or Llama
Official Website.

We will be using the original Llama files, not the Hugging Face Transformers format. For Hugging Face, make sure that the original files
are downloaded.

huggingface -cli download meta -llama/Llama -3.2 -1B --include "original /*" --local -dir Llama -3.2-1B

Llama Implementation
from pathlib import Path
import tiktoken
from tiktoken.load import load_tiktoken_bpe
import torch
import json

device = torch.device("cuda" if torch.cuda.is_available () else "cpu")

with open("original/params.json", "r") as f:
config = json.load(f)

dim = config["dim"]
n_layers = config["n_layers"]
n_heads = config["n_heads"]
n_kv_heads = config["n_kv_heads"]
vocab_size = config["vocab_size"]
multiple_of = config["multiple_of"]
ffn_dim_multiplier = config["ffn_dim_multiplier"]
norm_eps = config["norm_eps"]
rope_theta = torch.tensor(config["rope_theta"])

print(config) # Check Config

model = torch.load("original/consolidated .00. pth") # Load the model weights

Python Output

https://github.com/meta-llama/llama3/blob/main/llama/model.py
https://raw.githubusercontent.com/wenhangao21/wenhangao21.github.io/refs/heads/main/blogs/files/g5_LLM_arch/llama3.py
https://huggingface.co/meta-llama/Llama-3.2-1B
https://www.llama.com/
https://www.llama.com/
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{"dim": 2048,
"ffn_dim_multiplier ": 1.5,
"multiple_of ": 256,
"n_heads ": 32,
"n_kv_heads ": 8,
"n_layers ": 16,
"norm_eps ": 1e-05,
"rope_theta ": 500000.0 ,
"use_scaled_rope ": True ,
"vocab_size ": 128256}

For clarity, we will use the following symbols consistently throughout the write-up. Despite the Python convention, we assume that
indexing starts at 1.

Table 1: Table of Notation

Symbol Meaning
d Model dimension (embedding and hidden state feature dimensions)

V and V Vocabulary set and vocabulary size, respectively
N Number of input tokens
L Number of layers

Superscript l and subscript i Denotes the l-th layer and the i-th token or feature vector, respectively
T or T1:N := {t1, t2, . . . tN} ∈ VN Input tokens of length N

E or E1:N := {e1, e2, . . . eN} ∈ RN×d Input token embedding of length N
X l or X l

1:N := {x1, x2, . . . xN} ∈ RN×d Hidden state feature of length N after the l-th Transformer layer

2 LLM Architectures

2.1 Input Text

The input text is the user’s input raw text (prompt). Oftentimes, it is enhanced with system prompts, including prompt engineering
strategies (e.g. “You are a helpful assistant”), persistent user information, chat histories, etc.

Llama Implementation
prompt = "The capital of France is" # Hopefully , it will predict Paris

2.2 Tokenizer

The input text (including spaces, punctuations, emojis, etc.) is tokenized into discrete units using a predefined tokenizer. These units,
known as tokens, can be as small as individual characters or as large as entire words or sub-words, depending on the tokenizer’s design.

For example, the sentence

“The capital of France is”

is tokenized by the GPT-4o tokenizer as the following (tokens can include spaces):

The capital of France is

791 6864 315 9822 374

There are various choices of tokenizer, but the most common choice is a variant of Byte Pair Encoding (BPE). For example, given a
training corpus, BPE initializes the tokens as individual Unicode characters, and then repeatedly merges the most frequent adjacent token
pairs to build a vocabulary of tokens or sub-word units until a certain vocabulary size, V , is reached. There are also special tokens such as
the beginning of sequence (<BOS>) and end of turn (<EOT>). The readers are encouraged to perform a Google search or just ask an LLM
about the details and to examine some examples. Each token is assigned a unique integer ID in the vocabulary and is represented as such
in the pipeline. We will denote the input tokens by T1:N := {t1, t2, . . . tN}, where ti is the i-th token, and N is the length.
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Llama Implementation
# We will not implement the tokenizer. Directly load the Llama tokenizer.
tokenizer_path = "original/tokenizer.model"
special_tokens = [

"<|begin_of_text|>",
"<|end_of_text|>",
"<|reserved_special_token_0|>",
"<|reserved_special_token_1|>",
"<|reserved_special_token_2|>",
"<|reserved_special_token_3|>",
"<|start_header_id|>",
"<|end_header_id|>",
"<|reserved_special_token_4|>",
"<|eot_id|>", # end of turn

] + [f"<|reserved_special_token_{i}|>" for i in range(5, 256 - 5)]
mergeable_ranks = load_tiktoken_bpe(tokenizer_path)
tokenizer = tiktoken.Encoding(

name=Path(tokenizer_path).name ,
pat_str=r"(?i:’s|’t|’re|’ve|’m|’ll|’d)|[^\r\n\p{L}\p{N}]?\p{L}+|\p{N}{1 ,3}| ?[^\s\p{L}\p{N}]+[\r\n]*|\

↪→ s*[\r\n]+|\s+(?!\S)|\s+",
mergeable_ranks=mergeable_ranks ,
special_tokens ={token: len(mergeable_ranks) + i for i, token in enumerate(special_tokens)},

)
assert tokenizer.decode(tokenizer.encode(prompt)) == prompt # check if tokenizer works

tokens = [128000] + tokenizer.encode(prompt) # 128000 is the <|begin_of_text|> token
tokens = torch.tensor(tokens).to(device)

# Check the tokens of the input prompt
print([ tokenizer.decode ([token.item()]) for token in tokens ])
print(tokens)
print("Token Shape:", tokens.shape)

Python Output
["<| begin_of_text|>", "The", " capital", " of", " France", " is"]

tensor ([128000 , 791, 6864, 315, 9822, 374], device=’cuda:0’)

Token Shape: torch.Size ([6])

2.3 Embedding

Given a tokenized input sequence T1:N , discrete tokens ti are mapped to a continuous vector space by a token embedding matrix
TokenEmbed ∈ RV×d, where V is the vocabulary size and d is the embedding dimension. Usually, there is a fixed model dimension for
embedding and hidden state features in modern LLMs.

We denote the embedding of the sequence by E1:N := {e1, e2, . . . , eN} ∈ RN×d with each token embedding ei = TokenEmbed (ti).
These embeddings will be learned during pretraining. They capture both the syntactic and semantic properties of tokens.

Llama Implementation
# nn.Embedding () is similar to nn.Parameters (), but with efficient look up.
embedding_layer = torch.nn.Embedding(vocab_size , dim).to(device) # Initialize embedding layer
embedding_layer.weight.data.copy_(model["tok_embeddings.weight"]) # Load weights
token_embeddings = embedding_layer(tokens).to(dtype=torch.bfloat16) # Look up the table for embeddings
print("Token Embedding Shape:", token_embeddings.shape)

Python Output
Token Embedding Shape: torch.Size([6, 2048]) # 6 is the token length and 2048 is the model dimension
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In some architectures, positional embeddings may be added to incorporate information about the position of each token within the
sequence:

ei = TokenEmbed (ti) + PosEmbed (i),

where the positional embedding depends only on the position in the sequence. It can be implemented as a deterministic function, such as
sinusoidal embedding in the original transformer Vaswani et al. (2017) or as a learned lookup table similar to token embedding. However,
modern architectures typically do not apply positional embeddings directly to the input embeddings. Instead, they incorporate
positional encoding within the self-attention mechanism.

2.4 Transformer Layers

We give an overview of the transformer layers first and then explain each component. Each transformer layer consists mainly of
normalization, residual connection, attention mechanism, positional embeddings, and feedforward networks.

Specifically, LLaMA follows a Pre-Norm residual structure with RMS normalization. The computations for the l-th layer are given by:

H l = X l−1 + MultiHeadAttention
(
RMSNorm(X l−1)

)
X l = H l + FeedForward

(
RMSNorm(H l)

)
,

(2.1)

with X0 = E. The inputs and outputs are of the same shape RN×d.

2.4.1 Normalization

It is common practice in modern Large Language Models (LLMs) to apply some form of normalization. Most LLMs typically adopt
either layer normalization (LayerNorm) or root mean square normalization (RMSNorm).

LayerNorm. Given an input sequence of N features X = {x1, x2, . . . , xN} ∈ RN×d, the LayerNorm operator normalizes each input
vector across its feature dimension by subtracting its mean and dividing by its standard deviation, then applies learned scale and shift
parameters:

X := LayerNorm(X1:N ), with xi := γ · xi − µi√
σ2
i + ϵ

+ β, µi =
1

d

d∑
j=1

xij , σ2
i =

1

d

d∑
j=1

(xij − µi)
2
,∀i,

where γ, β ∈ Rd are learnable parameters shared for all features in the sequence, µi, σi are the mean and variance calculated for the i-th
feature, and ϵ is a small constant for numerical stability. The number of parameters in each LayerNorm is twice the feature dimension.

RMSNorm. RMSNorm normalizes only by the root mean square of the input feature, omitting the mean subtraction step:

X := RMSNorm(X), with xi =
xi

RMS(fi) + ϵ
· γ, RMS(fi) =

√√√√1

d

d∑
j=1

x2
ij ,

where γ ∈ Rd are learnable parameters shared for all features in the sequence, RMS(xi) is the root mean square calculated for the i-th
feature vector, and ϵ is a small constant for numerical stability. The number of parameters in each RMSNorm is the same as the feature
dimension.

Both LayerNorm and RMSNorm operate independently on each token’s feature vector in the sequence, making them well-suited for
language tasks where input lengths can vary. RMSNorm is computationally cheaper than LayerNorm and has been empirically shown to
be effective for training very deep LLMs.

Llama Implementation
# We will first implement a single Transformer layer for demonstration purposes.
x = token_embeddings # H^0 = E, input to the first layer is embedding
def rms_norm(x, weight , eps=1e-5):

norm = torch.rsqrt(x.pow(2).mean(dim=-1, keepdim=True) + eps)
return x * norm * weight

x_norm = rms_norm(x, model["layers .0. attention_norm.weight"], norm_eps) # (N, dim)
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2.4.2 Attention

Given an input sequence of N features X = {x1, x2, . . . , xN} ∈ RN×d, the self-attention mechanism first creates queries (Q), keys (K),
and values (V ) by multiplying X with learned weight matrices:

Q = XWQ ∈ RN×d, K = XWK ∈ RN×d, V = XWV ∈ RN×d,

where WQ,WK ,WV ∈ Rd×d. Technically, the weight matrices WQ,WK ,WV can project the input dimension d to a different
dimension dk. In most LLMs, dk = d so that the hidden state features will always have the same dimension. We will omit k in what
follows.
Remark 2.1 (Simple Linear Algebra). The i-th row of the resulting Q, K, and V matrices depends only on the i-th input feature.
Therefore, when a new token Ti+1 is added, we only need to compute for Qi+1, Ki+1, and Vi+1.

The attention weights are then computed by:

A = softmax

(
QK⊤
√
d

)
∈ RN×N ,

where QK⊤ is called the attention scores. As an autoregressive model, the attention weights are made causal, meaning that each token
should not “see the future.” Therefore, the attention weights are masked to be a lower triangular matrix, so each position can only attend
to itself and the tokens that come before it: Aij = 0 for all i < j.

Remark 2.2 (Simple Linear Algebra). The i-th row of the attention weights only depends on Qi and K1:i.

In implementation, this masking is done efficiently by adding a strictly upper triangular matrix M ∈ RN×N whose strictly upper triangular
elements are set to −∞:

Mij =

{
−∞ i < j

0 i ≥ j.

The final output of attention is give by:

Attention(X) = softmax

(
QK⊤
√
d

+M

)
V ∈ RN×d. (2.2)

Remark 2.3 (Simple Linear Algebra). The i-th final output feature depends on Qi, K1:i, and V1:i. Therefore, the i-th output feature of
attention encodes information about the entire prefix X1:i. In practice, K1:i and V1:i should be cached (KV cache) during generation to
avoid recomputing them for each new token.

After the attention weights are applied to the values V , the result is oftentimes passed through an additional learned linear projection:

Attention(X) = softmax

(
QK⊤
√
d

+M

)
V︸ ︷︷ ︸

∈RN×d

WO, WO ∈ Rd×d. (2.3)

This output projection layer WO mixes the attended features to produce the final representation. Remark 2.4 holds regardless.

Complexity Analysis. First, the projection layers with WQ,WK ,WV ,WO: (n, d) × (d, d) ⇒ (n, d); the complexity is O(Nd2).
Second, calculating attention scores: (n, d) × (d, n) ⇒ (n, n); the complexity is O(N2d). Third, multiplying by the value matrix V :
(n, n) ⇒ (n, d) = (n, d); the complexity is O(N2d).
Remark 2.4. The number of parameters of attention is 4d2. The computational complexity of attention is O(Nd2+N2d), with additional
costs from softmax and overheads.

Multi-head Attention. Instead of applying a single attention operation, multi-head attention uses multiple independent attention heads in
parallel. Each head learns its own set of projections:

Q(h) = XWQ(h) ∈ RN×dh , K(h) = XWK(h) ∈ RN×dh , V (h) = XWV (h) ∈ RN×dh , h = 1, . . . ,H,

where WQ(h),WK(h),WV (h) ∈ Rd×dh , and the total number of heads H satisfies d = H · dh. Each attention head computes its own
output:

Attention (h)(X) = softmax

(
Q(h)K(h)⊤

√
dh

+M

)
V (h) ∈ RN×dh .

All head outputs are then concatenated along the feature dimension and projected back to the original dimension using a final learned
projection WO ∈ Rd×d:

MultiHead(X) =
[

Attention (1)(X), . . . , Attention (H)(X)
]

︸ ︷︷ ︸
∈RN×d

WO.
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Remark 2.5. In multi-head attention,[
WQ(1), . . . ,WQ(H)

]
∈ Rd×d,

[
WK(1), . . . ,WK(H)

]
∈ Rd×d,

[
WV (1), . . . ,WV (H)

]
∈ Rd×d.

Grouped query multi-head attention has the same number of parameters and same computational complexity as single-head attention.

The motivation for multi-head attention is to allow the model to jointly attend to information from different representation subspaces at
different positions. Empirically, using multiple heads has been shown to consistently improve performance in practice.

Grouped Query Attention. In LLaMA 3 and similar models, Grouped Query Attention (GQA) reduces the number of unique key-value
pairs by sharing them across multiple heads while keeping independent query projections per head.

Formally, we partition the H attention heads into G groups with G < H . Each group shares the same keys and values, but each head
still has its own query. Mathematically, WK(h) = WK(h′) = WK(g) and WV (h) = WV (h′) = WV (g), ∀h, h′ in the same group g,
g = 1, . . . , G. Since the weights are identical within each group, the resulting key and value matrices are also the same for all heads in
that group, so they only need to be computed once. In the Llama configurations that we have shown above, H = 32 and G = 8.

Remark 2.6. In GQA, each head still produces queries, keys, and values of the same dimension as standard multi-head attention — the
only difference is that keys and values are shared within groups while queries remain unique per head.

Remark 2.7. In grouped query multi-head attention,[
WQ(1), . . . ,WQ(H)

]
∈ Rd×d,

[
WK(1), . . . ,WK(G)

]
∈ Rd× d

H/G ,
[
WV (1), . . . ,WV (G)

]
∈ Rd× d

H/G ,

where H/G is the number of keys and values per group. Grouped query multi-head attention has less parameters and less computations.

2.4.3 Rotary Positional Embedding

Given the projected queries and keys Q,K ∈ RN×d, RoPE divides the feature dimension d into d
2 2D planes, assuming d is even. So,

each pair of adjacent dimensions forms a 2D vector. For each pair (Qi,2k−1, Qi,2k) or (Ki,2k−1,Ki,2k), k = 1, 2, . . . , d
2 ,the rotation is:[

cos (θi) − sin (θi)
sin (θi) cos (θi)

]
, θi = i ·Θk,

where each dimension pair has its own frequency Θk:

Θk = θ−2(k−1)/d
rope ,

where θrope is a constant hyperparameter. Overall, RoPE applies a position-dependent rotation to each row vector Qi and Ki independently:

Q̃i = R(i)Qi, K̃i = R(i)Ki, i = 1, . . . , N.

The rotation matrix R(i) is given by

R(i) =

d/2⊕
k=1

[
cos (θi) − sin (θi)
sin (θi) cos (θi)

]
, θi = i ·Θk.

Remark 2.8. RoPE is applied independently to each position, so adding a new token Ti+1 only requires computing R(i+ 1)Qi+1 and
R(i+ 1)Ki+1.

Remark 2.9 (Relative and Absolute Position Encoding). RoPE encodes absolute position information as it rotates by absolute index.
Moreover, the queries and keys have the property:〈

Q̃i, K̃j

〉
= ⟨R(i)Qi, R(j)Kj⟩ = ⟨R(j − i)Qi,Kj⟩ ,

which shows that the dot product depends on the relative distance j− i. Therefore, the attention score, Q̃K̃⊤, depends on relative position
difference.

For multi-head attention, RoPE is applied to each head individually.
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2.4.4 Llama Implementation

RoPE. First, we compute the rotations given the model dimension d, the sequence length N (since the rotations are fixed, they can also
be precomputed up to a maximum sequence length), and the RoPE hyperparameter θrope .

def precompute_freqs_cis(dim: int , end: int , theta: float):

We compute all the θi:

freqs = 1.0 / (theta ** (torch.arange(0, dim , 2)[: (dim // 2)]. float() / dim)) # all \Theta_k
t = torch.arange(end , device=freqs.device , dtype=torch.float32) # i in our notation
freqs = torch.outer(t, freqs) # all \theta_i

In actual implementation, we work with complex numbers for rotations as it is memory efficient and computationally faster; GPUs handle
element-wise complex multiplication efficiently. A 2D rotation of [x, y] by angle θ can be done either in matrix form:[

x′

y′

]
=

[
cos(θ) − sin(θ)
sin(θ) cos(θ)

] [
x
y

]
,

or in complex form:
z′ = z · eiθ, z = x+ iy.

These are exactly the same mathematically. We convert all the frequencies to complex frequencies:

freqs_cis = torch.polar(torch.ones_like(freqs), freqs) # complex numbers using Eulers Formula
return freqs_cis # cis means cosine + i sine; the shape is (N, d_head //2)

Now, we apply the rotations as a simple multiplication of complex numbers:

def apply_rotary_emb(
xq: torch.Tensor , # (N, n_heads , head_dim)
xk: torch.Tensor , # (N, n_kv_heads , head_dim)
freqs_cis: torch.Tensor # (N, head_dim //2)
) -> Tuple[torch.Tensor , torch.Tensor ]:

N, _, head_dim = xq.shape
xq_ = torch.view_as_complex(xq.float().reshape (*xq.shape[:-1], -1, 2)) # convert to complex numbers
xk_ = torch.view_as_complex(xk.float().reshape (*xk.shape[:-1], -1, 2))
freqs_cis = freqs_cis.reshape(N, 1, head_dim //2) # reshape for broadcasting
xq_out = torch.view_as_real(xq_ * freqs_cis).flatten (2) # convert back to real numbers
xk_out = torch.view_as_real(xk_ * freqs_cis).flatten (2)
return xq_out.type_as(xq), xk_out.type_as(xk) # (N, n_heads , head_dim), (N, n_kv_heads , head_dim)

Grouped Query Multi-head Attention. In Llama implementation, the weight matrices are stored in stacked format. A single large
matrix multiplication is then performed, followed by reshaping the result into multiple heads. This is equivalent to first reshaping the
weights into multiple heads and then performing the matrix multiplication separately for each head (can be parallelized with einsum.

Recall from Sec. 2.4.1 that the input is now the normalized hidden feature xnorm ∈ RN×d. We first get N , d, and the projection weight
matrices

[
WQ(1), . . . ,WQ(H)

]
∈ Rd×d,

[
WK(1), . . . ,WK(G)

]
∈ Rd× d

H/G , and
[
WV (1), . . . ,WV (G)

]
∈ Rd× d

H/G . In the configuration,
d = 2048, H = 32, G = 8, H/G = 4.

seqlen , _ = x_norm.shape
head_dim = dim// n_heads
wq = model["layers .0. attention.wq.weight"] # (dim , dim) = (2048 , 2048)
wk = model["layers .0. attention.wk.weight"] # (dim/(H/G), dim) = (512, 2048)
wv = model["layers .0. attention.wv.weight"] # (dim/(H/G), dim) = (512, 2048)

Now, we project the hidden features to keys, queries, and values, and reshape them to multiple heads:

xq = torch.matmul(x_norm , wq.T) # (N, dim) x (dim , dim) -> (N, dim) = (6, 2048)
xk = torch.matmul(x_norm , wk.T) # (N, dim) x (dim , dim/group_size) -> (N, dim/group_size) = (6, 512)
xv = torch.matmul(x_norm , wv.T) # (N, dim) x (dim , dim/group_size) -> (N, dim/group_size) = (6, 512)

xq = xq.view(seqlen , n_heads , head_dim) # (N, n_heads , head_dim) = (6, 32, 64)
xk = xk.view(seqlen , n_kv_heads , head_dim) # (N, n_kv_heads , head_dim) = (6, 8, 64)
xv = xv.view(seqlen , n_kv_heads , head_dim) # (N, n_kv_heads , head_dim) = (6, 8, 64)
print("The shapes of xq , xk , xv are:", xq.shape , xk.shape , xv.shape)
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Python Output
The shapes of xq , xk , xv are: torch.Size([6, 32, 64]) torch.Size([6, 8, 64]) torch.Size([6, 8, 64])

Additionally, we provide code for you to verify that this is equivalent to reshaping the weights to multiple heads and performing the
projection within each head independently:

# Computing heads individually is equivalent to a single matrix multiplciation then reshape
def verify_xq(x_norm , wq):

for i in range(n_heads):
wq = wq.view(n_heads , head_dim , dim)
wq_i = wq[i]
xq_i = torch.matmul(x_norm , wq_i.T)
if not torch.allclose(xq_i , xq[:,i,:], rtol=1e-2, atol=1e-2): # bfloat16 has low precision

return False
return True

print(verify_xq(x_norm ,wq))

Python Output
True

We apply RoPE to queries and keys:

freqs_cis = precompute_freqs_cis(head_dim , seqlen , rope_theta).to(device)
xq , xk = apply_rotary_emb(xq, xk, freqs_cis=freqs_cis) # no change in dimension

Now that we have all queries, keys, and values ready, we can compute the final attention output as in Eq. 2.3:

### Equation 2.3: ###
# repeat k,v to the shape of q for parallel computing
n_rep = n_heads // n_kv_heads
xk , xv = torch.repeat_interleave(xk, repeats=n_rep , dim =1), torch.repeat_interleave(xv, repeats=n_rep , dim

↪→ =1) # (6, 32, 64), (6, 32, 64)
# transpose for torch.matmul on the length and feature dimensions
xq , xk , xv = xq.transpose (0,1), xk.transpose (0,1), xv.transpose (0,1) # (32, 6, 64), (32, 6, 64), (32, 6,

↪→ 64)
scores = torch.matmul(xq, xk.transpose(1, 2)) / math.sqrt(head_dim) # (32, 6, 6)
mask = torch.full((seqlen , seqlen), float("-inf"), device=device) # (6, 6)
mask = torch.triu(mask , diagonal =1) # making it strictly upper triangular for causality
scores = scores + mask # (32, 6, 6)
scores = F.softmax(scores.float (), dim=-1).type_as(x) # (32, 6, 6)
attention = torch.matmul(scores , xv) # (32, 6, 6) x (32, 6, 64) -> (32, 6, 64)
attention = attention.transpose(0, 1).contiguous ().view(seqlen , -1) # (6, 2048)
wo = model["layers .0. attention.wo.weight"] # (2048 , 2048)
attention = torch.matmul(attention , wo.T) # (6, 2048)

2.4.5 Residual Connection and SwiGLU FFN

As shown in Equation 2.1, after attention, a residually connection is applied: H = X + MultiHeadAttention
(
RMSNorm(X)

)
∈ RN×d.

Given H block, the transformer applies a position-wise feedforward network (FFN) to each feature of normalized H independently:
X ′ = H + FeedForward

(
RMSNorm(H)

)
∈ RN×d. Specifically, Llama uses SwiGLU FFN with a gated activation mechanism with a

Swish nonlinearity. Formally, let the normalized H be H ′ ∈ RN×d, SwiGLU FFN is given by:

SwiGLU(H ′) = (H ′W1)⊙ σ (H ′W3) , then project: FFN(H ′) = SwiGLU(H ′)W2,

where W1,W3 ∈ Rd×dff ,W2 ∈ Rdff×d are learnable weights, dff is typically 4d, and σ(·) is the SiLU(Swish) non-linearity.

Remark 2.10. The SwiGLU FFN applies the same feedforward transformation independently to each row of X . Therefore, when a new
token Ti+1 is generated, only the i+ 1-th row of the FFN output needs to be computed.
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Llama Implementation
h = x + attention # (6, 2048)
h_norm = rms_norm(h, model["layers .0. ffn_norm.weight"], norm_eps) # (6, 2048)
w1 = model["layers .0. feed_forward.w1.weight"] # (8192, 2048)
w3 = model["layers .0. feed_forward.w3.weight"] # (8192, 2048)
w2 = model["layers .0. feed_forward.w2.weight"] # (2048, 8192)
h1 = torch.matmul(h_norm , w1.T) # (6, 8192)
h2 = torch.matmul(h_norm , w3.T) # (6, 8192)
activated = torch.functional.F.silu(h1) * h2 # (6, 8192)
# The final output after the first transformer layer , same shape as the input. Features are casual
x = torch.matmul(activated , w2.T) + h # (6, 2048)

We repeat this L− 1 more times to get the final hidden features HL ∈ RN×:

Llama Implementation
def transformer_block(x, layer):

...
for layer in range(1, n_layers):

x = transformer_block(x, layer)
print(x.shape)

Python Output
torch.Size([6, 2048])

2.5 LM Head and Sampling

After passing through L stacked Transformer layers, the final hidden features HL ∈ RN×d contain contextualized casual representa-
tions: the i-th feature HL

i models the context of the first i tokens. To transform these features into a probability distribution over the
vocabulary, we apply a final linear projection called the language modeling (LM) head. The LM head will project each row of HL onto
the vocabulary space.

Formally, let WLM ∈ RV×d be the learned word embedding matrix, where V is the vocabulary size and d is the model dimension. The
LM head is given by

Logits = LM(HL) = RMSNorm(HL)E⊤ ∈ RN×V ,

where Logitsi is the logits for predicting the i+ 1-th token.

Remark 2.11. The LM head operates independently for each token position. Therefore, when generating a new token, only the last row
HL

N needs to be projected and normalized.

The final next-token probability distribution for each position is then obtained by applying the softmax function to the logits:

P (Ti+1) = softmax (Logitsi) ∈ RV .

Sampling. Once the next-token probabilities are available, text generation proceeds by sampling from this distribution. Several decoding
strategies exist:

• Greedy decoding: Select the token with the highest probability.

• Top-k sampling: Keep only the k most probable tokens and renormalize the distribution before sampling.

• Top-p (nucleus) sampling: Keep the smallest set of tokens whose cumulative probability exceeds p and renormalize before
sampling.

• Temperature scaling: The logits can be divided by a temperature hyperparameter τ > 0 before applying softmax. A lower τ
makes the distribution sharper (more deterministic); a higher τ makes it flatter (more random).

The newly sampled token is appended to the input sequence, and the process repeats autoregressively until a stopping criterion is met, e.g.,
an end-of-sequence token is generated or a maximum length is reached.
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Llama Implementation
x_norm = rms_norm(x, model["norm.weight"], norm_eps)
logits = torch.matmul(x_norm[-1], model["output.weight"].T) # Only need the last row
next_token = torch.argmax(logits , dim=-1) # Greedy prediction
print("The next token is:", tokenizer.decode ([ next_token.item()]))

Python Output
The next token is: Paris

The input prompt is “The capital of France is". Try it yourself by adding a space to the end of this prompt: “The capital of France is ".

3 Advanced Concepts

3.1 KV Caching

To be added.

3.2 Quantization

To be added.

3.3 Mixture of Experts

To be added.
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