
1

Equivariant GNNs

Wenhan Gao

Department of Applied Mathematics and Statistics



2

Geometric Graph Neural Networks

Geometric GNNs is a fundamental tool for machine learning on geometric (3D) graphs.

Geometric 

GNN

Geometric 

Graph
Prediction

•

•

•

Functional properties? 

Ligand binding affinity? 

Ligand efficacy?

Why we care about geometric GNNs? There are many systems with geometric & relational structures.

Image Credit: A Hitchhiker's Guide to Geometric GNNs for 3D Atomic Systems, Duvel et al.. and their presentation slides
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Graphs and Geometric Graphs

Graphs are purely topological objects. Geometric graphs are a type of graphs where nodes 

are additionally endowed with geometric information.

𝑎 is the dimension or number of scalar feature 

channels.

𝑏 is the dimension or number of geometric 

feature channels.

Image Credit: A Hitchhiker's Guide to Geometric GNNs for 3D Atomic Systems, Duvel et al.. and their presentation slides
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Physical Symmetries

We have two types of features: Scalar features and Geometric features. Geometric features transform with 

Euclidean transformations of the system (equivariance); Scalar features remain unchanged (invariance).

Image Credit: A Hitchhiker's Guide to Geometric GNNs for 3D Atomic Systems, Duvel et al.. and their presentation slides
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Review: Equivariance and Invariance
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Geometric GNNs should account for physical symmetries

Image Credit: A Hitchhiker's Guide to Geometric GNNs for 3D Atomic Systems, Duvel et al.. and their presentation slides
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Building blocks of Geometric GNNs
• Scalar features must be updated in an invariant manner.

• Geometric features must be updated in an equivariant manner.

Image Credit: A Hitchhiker's Guide to Geometric GNNs for 3D Atomic Systems, Duvel et al.. and their presentation slides
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Review: The Message Passing Framework

Goal of Message Passing: iteratively update node features to obtain useful hidden representations
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Review: The Message Passing Framework

Input Graph

Initial Node Embeddings

Final Node Embeddings

Graph Embedding (Optional)

Final Predictions

Node-wise transformation

(MLP)

Message Passing

Pooling

Transformation (MLP)
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Geometric Message Passing

For geometric message passing, we condition on geometries. As an illustrative example, assume we have the coordinate 

information and let 𝑎𝑖𝑗 contain geometric information, we can have the following message passing schemes:

To make it equivariant (invariant) to E(3), there are in general two directions: Scalarization and Using Steerable Tensor 

Features. We term them as invariant GNNs (scalarization) and equivariant GNNs (Tensor Operations). Invariant GNNs 

constraint the geometric information that can be utilized, while the other constraints the model operations.

Image Credit: A Hitchhiker's Guide to Geometric GNNs for 3D Atomic Systems, Duvel et al.. and their presentation slides
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Invariant GNNs

Image Credit: A Hitchhiker's Guide to Geometric GNNs for 3D Atomic Systems, Duvel et al.. and their presentation slides
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Invariant GNNs

In summary, invariant GNNs update latent representations by scalarizing local geometry information. This is efficient, 

and we can achieve invariance with simple MLP without specific constraints on the operations or activations we can 

take. 

Pros: 

o Simple usage of non-linearities on many-body scalars.

o Great performance on some use-cases (e.g. GemNet on OC20).

Cons:

o Scalability of scalar’s pre-computation. The accounting of higher-order tuples is expensive. 

o Making invariant predictions may still require solving equivariant sub-tasks.

o May lack generalization capabilities (equivariant tasks, multi-domain).

GemNet (Torsion) in theory is complete; however, it 

requires a complete graph and a certain 

discretization scheme to be universal.

So far, the precise body order of scalars at which all 

geometric graphs can be uniquely identified remains 

an open question.
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Equivariant GNNs

❑ In invariant GNNs, invariants are ‘fixed’ prior to message passing. 

❑ Equivariant GNNs build up invariants ‘on the go’ during message passing. More layers of message passing can lead 

to more complex invariants being built up. Furthermore, equivariant quantities remain available.

Image Credit: A Hitchhiker's Guide to Geometric GNNs for 3D Atomic Systems, Duvel et al.. and their presentation slides
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Equivariant GNNs

❑ In invariant GNNs, we work with only scalars 𝑓 𝑠1, 𝑠2, … , 𝑠𝑛 .

❑ In equivariant GNNs, we work with vectors 𝑓 (𝑠1, 𝑠2, … 𝑠𝑛 , 𝑣1, … , 𝑣𝑚 ).

Example: “Scalar-vector” GNNs
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Equivariant GNNs

The high-level ideas in equivariant GNNs is that we keep track of the “types” of the objects and apply equivariant 

operations. Here, we introduce some concepts, Cartesian tensors, Spherical tensors, tensor product, Wigner-D matrices, 

and CG coefficients. 

A tensor is a multi-dimensional array with directional information. 

We have two key operators for Cartesian tensors: tensor product and tensor contraction. They allow us to move up and 

down the rank of Cartesian tensors to produce tensors of higher ranks or contract them down to lower ranks. Intuitively, 

we are creating new tensors using the indices.
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Equivariant GNNs
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Equivariant GNNs
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Equivariant GNNs
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Equivariant GNNs
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Equivariant GNNs
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Equivariant GNNs
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Equivariant GNNs
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Equivariant GNNs

Image Credit: A Hitchhiker's Guide to Geometric GNNs for 3D Atomic Systems, Duvel et al.. and their presentation slides
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Equivariant GNNs
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Equivariant GNNs
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